Abstract. For each integer m ≥ 3, let P m (x) denote the generalized m-gonal number
Introduction
For a natural number m ≥ 3, the generalized m-gonal number is given by P m (x) = where x ∈ Z. In 1796 Gauss proved Fermat's assertion that each positive integer can be expressed as the sum of three triangular numbers (corresponding to m = 3). In 1862 Liouville (cf. Berndt [1, p.82] ) determined all weighted ternary sums of triangular numbers that represent all natural numbers. In 2007, Sun [20] investigated the mixed sums of squares and triangular numbers. In this direction, Kane and Sun [13] obtained a classification of almost universal weighted sums of triangular numbers and more generally weighted mixed ternary sums of triangular and square numbers (a quadratic polynomial is said to be almost universal, if it represents all but finitely many positive integers over Z), this classification was later completed by Chan and Oh [4] and Chan and Haensch [5] . A. Haensch [11] investigated the almost universal ternary quadratic polynomials with odd prime power conductor. Recently, Sun [24] showed that there are totally 12082 possible tuples (a, b, c, d, e, f ) with a ≥ c ≥ e ≥ 1, b ≡ a (mod 2) and |b| ≤ a, d ≡ c (mod 2) and |d| ≤ c, f ≡ e (mod 2) and |f | ≤ e, such that the sum
represents all natural numbers over Z.
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Motivated by these works, we shall give a complete characterization of all the triples of positive integers (a, b, c) for which the ternary sums ax 2 + by 2 + cP p k +2 (z) are almost universal over Z, where k > 0 and p is an odd prime not dividing c. Now, we state our main results in this paper. Throughout this paper, without loss of generality, we may assume that ν 2 (a) ≥ ν 2 (b). For convenience, the squarefree part of an integer m is denoted by SF (m) and the odd part of m is denoted by m ′ . 
is a quadratic residue modulo p k , and
and ν 2 (a) ≥ ν 2 (b) = 1. Suppose that both (1) and (2) [24] conjectured that the above polynomials can represent all natural numbers over Z.
and ν 2 (a) ≥ ν 2 (b) = 0. Suppose that both (1) and (2) 
, and is congruent to 1,
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is a quadratic residue modulo p k , and 
of local norm from E B to Q q , where B is an extension of q to E. 
) and one of the following holds In fact, Sun [24] conjectured that the above polynomials can represent all natural numbers over Z. 
2b 0 c p
, and one of the following holds:
Remark 1.4. In view of the above theorem, we can easily verify that
The following theorem will cover all the remaining cases, for convenience, we set 
and one of the following holds:
Remark 1.5. By Theorem 1.6, one may easily check that 10x
is almost universal. Indeed, via Sun's computation, it seems that this polynomial can represent each natural number over Z.
Finally, we give an outline of this paper. In Section 2, we will give a brief overview of the theory of ternary quadratic forms which we need in our proofs, and we will prove the main results in Section 3.
Some preparations
Let L be a Z-lattice on a positive definite ternary quadratic space (V, B, Q) over Q. The discriminant of L is denoted by dL. Set A be a symmetric matrix, we write L ∼ = A if A is the gram matrix for L with respect to some basis of V . An n×n diagonal matrix with a 1 , ..., a n as the diagonal entries is written as a 1 , ..., a n (any unexplained notation can be found in [3, 14, 17] ).
Given relatively prime positive integers a, b, c and an
. One may easily verify that an integer n can be represented by f a,b,c,p k if and only if 8p
2k c in the orthogonal basis {e 1 , e 2 , e 3 } and v = −
2p k e 3 . In order for f a,b,c,p k to be almost universal, a necessary condition is that every integer of the form 8p
(for the precise definition of gen(M + v), the readers may consult [2, 26] ). Moreover, we have the following lemma.
Lemma 2.1. Every integer of the form 8p
k n + c(p k − 2) 2
is represented by gen(M + v) if and only if we have the following (1) and (2).
(
(2) Either 4 ∤ c or both 4 || c and 2 || ab.
, by Hensel's Lemma, one may easily show that P p k +2 (z) represents all p-adic integers over Z p , and note that p ∤ c, hence each p-adic integer can be represented by M p + v. Now we consider prime 2, using Hensel's Lemma, one may easily verify that P p k +2 (2z) can represent all 2-adic integers over Z 2 . If 2 ∤ c, clearly 
represents all q-adic integers over Z q . In particular M q must be isotropic. Hence, we have
In view of Lemma 2.1, we can simplify our problems. In fact, recall that
2p k e 3 }. One may readily check the following result.
Suppose that both (1) and (2) 
be represented by L. Now we need to introduce the theory of spinor exceptions. The readers can find relevant material in [19] . Let W be a Z-lattice on a quadratic space V over Q. Suppose that a ∈ Z + is represented by gen(W ). We call a is a spinor exception of gen(W ) if a is represented by exactly half of the spinor genera in the genus. R. Schulze-Pillot [18] determined completely when a is a spinor exception of gen(W ). A. G. Earnest and J. S. Hisa and D. C. Hung [9] found a similar characterization of primitive spinor exceptional numbers. We also need the following lemma. Proof
2πi/l ). By Dirichlet's Theorem, there are infinitely many rational primes that are congruent to 1 modulo n|d K |, since these primes totally split in Q(ζ nd K ), they also split in Q( √ m).
(ii) With the help of the Chinese Remainder Theorem, one may easily get the desired results (for more details, the readers may consult the excellent book [12] ).
Recall that L is the Z-lattice 8p k a, 8p k b, c , let N be its level. Suppose that t is a primitive spinor exception of gen(L) such that t ≡ c (mod 8) and tc −1 is a quadratic residue modulo p k . If t is not represented by the spinor genus of L, R. Schulze-Pillot [19] On the other hand, suppose that both (1) and (2) in Lemma 2.1 hold, it is easy to see that each positive integer of the form 8p
be represented by gen(L) primitively. Assume that each spinor exception of gen(L) in the arithmetic progression {c(p k − 2) 2 + 8p k n : n ∈ N} can be represented by the spinor genus of L, then by [6, the Corollary of Theorem 3], one can easily verify that 8p k n + c(p k − 2) 2 can be represented by L provided that n is sufficiently large (for more details, the readers may see [6, 13, 25] ). Now we consider the quadratic field E = Q( √ −tdL), let θ denote the spinor norm map and N p (E) denote the group of local norm from E B to Q p , where B is an extension of p to E. By virtue of the proof of Lemma 2.1, for all prime q ∈ {2, p}, L q represents all q-adic integers over Z q , hence we have
. Therefore, each prime q ∈ {2, p} is unramified in E, and hence E ∈ {Q( √ −D) : D = 1, 2, p, 2p}. The theory of spinor exceptions involves the computation of the spinor norm groups of local integral rotations and the relative spinor norm groups. The reader can find relevant formulae in [7, 8, 9, 15] . A correction of some of these formulae can be found in [4] .
Proofs of Main Results
In this section, we shall prove our main results. Recall that L is the Zlattice 8p k a, 8p k b, c with ν 2 (a) ≥ ν 2 (b). The squarefree part of an integer m is denoted by SF (m) and the odd part of m is denoted by m ′ .
Proof of Theorem 1.1 We shall show that if conditions (1), (2), (3) are all satisfied, then t = SF (a ′ b ′ c ′ ) is a primitive spinor exception of gen(L) (it is easy to see that t can be primitively represented by L locally). Set E = Q( √ −tdL), one may easily verify that E ∈ {Q( √ −m) :
is the primitively relative spinor norm group) if and only if −tdL ∈ Q ×2 q , i.e., (1) is satisfied.
When q ∈ {2, p} and q ∤ t, clearly, q is not ramified in E. Moreover, by Lemma 2.1, we have
′ , where r = 3 + ν 2 (b) and s = 3 + ν 2 (a). Now, suppose that (3) is satisfied.
We first consider the case when r < s.
where P(U) (P(W )) is the set of primitive anisotropic vectors in U (V ) whose associate symmetries are in O(U) (O(W )). Note that
and
The formulae for the spinor norm group of non-modular binary Z 2 -lattice are available in [7, 1.9] . Hence, one can easily verify the following results:
if s − r ≥ 5. 
According to the above results, by [9, Theorem 2(b)], we have
where ( , ) 2 is the Hilbert Symbol in Q 2 . Hence, by [ 
is a primitive spinor exception of gen(L) and since a ′ ≡ b ′ (mod 8), we also have t ≡ c (mod 8). If (4) is satisfied, by the discussions following the proof of Lemma 2.2, it is easy to see that f a,b,c,p k is not almost universal.
Conversely, according to the results in [9, Theorem 1(a) and Theorem 2(b)], if one of (1), (2) , (3) is not satisfied, then gen(L) does not have any spinor exceptions in the arithmetic progression {c(p k − 2) 2 + 8p k n : n ∈ N}.
Hence by the discussions following the proof of Lemma 2.2, we have f a,b,c,p k is almost universal. Assume now that the conditions (1), (2), (3) are all satisfied. It might worth mentioning here that it is necessary in (3) to require that a ′ ≡ b ′ (mod 8), since by the discussions following the proof of Lemma 2.2, if f a,b,c,p k is not almost universal, then there exists some odd integer l such that tl 
and θ * (L q , t) = N q (E) for each prime q = 2 if and only if both (1) and (2) hold.
′ , where r = 3 + ν 2 (b) = 4 and s = 3 + ν 2 (a). Now, suppose that (3) is satisfied.
We first consider the case when r < s, if s − r ∈ {1, 3}, then L 2 is of Type E and hence
One may easily obtain the following results:
. Now we consider the case when r = s = 4, we have
is a primitive spinor exception of gen(L) and since a ′ ≡ b ′ (mod 8), we also have t ≡ c (mod 8). As in the proof of Theorem 1.1, if (4) is satisfied, we have f a,b,c,p k is not almost universal.
The proof of the converse is similar to the proof in Theorem 1.1. This completes our proof of Theorem 1.2.
Proof of Theorem 1.3
In light of the proof of Theorem 1.1,
for each prime q = 2 if and only if both (1) and (2) hold. Now we consider the prime q = 2, if (3) is satisfied, let r = 3 − ν 2 (c) and
If ν 2 (c) = 2, then by Lemma 2.1, we have L
. So, we must have 4 ∤ c. Hence, we divide our proof into two cases.
. Therefore, we just need consider the case when 3 < s and s ∈ {4, 5, 7}. Let
Assume now that ν 2 (a) ≡ 0 (mod 2), by the above formulae, one may easily 
we just need consider the case when s ∈ {2, 3, 5}. Let
According to the above results, one may easily verify that θ(O + (L 2 )) ⊆ (1), (2), (3) is not satisfied, then gen(L) does not have any spinor exceptions in the arithmetic progression {c(p k − 2) 2 + 8p k n : n ∈ N}.
Hence by the discussions following the proof of Lemma 2.2, we have f a,b,c,p k is almost universal. Assume now that the conditions (1), (2), (3) Proof of Theorem 1. 4 We shall show that if conditions (1), (2), (3) are all satisfied, then w = 2
, clearly, q ∈ {2, p} and q is not ramified in E, by Lemma 2.1, we have L q ∼ = M q ∼ = 1, −1, −dL . Hence, by [9, Theorem 1(a)],
q , i.e., (1) is satisfied.
When q ∈ {2, p} and q ∤ w, clearly, q is not ramified in E. Moreover, by Lemma 2.1, we have (1), (2), (3) is not satisfied, then gen(L) does not have any spinor exceptions in the arithmetic progression {c(p k − 2) 2 + 8p k n : n ∈ N}. Assume now that the conditions (1), (2), (3) are all satisfied. It might worth mentioning here that it is necessary in (3) to require that pa
since by the discussions following the proof of Lemma 2.2, if f a,b,c,p k is not almost universal, then there exists some odd integer l such that and θ * (L q , t) = N q (E) if and only if both (1) and (2) hold. Now we consider the prime q = 2. Note that 2 is ramified in E and −p ∈ Q if s − r ≥ 5.
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